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generahze the conditions found earher in the special case dn '■= x„ — x„_i = 1/n, 
. n G N, to a wider class of sequences {xn}'^=i- Namely, for Xn = ^-y „ with 

(7,77) G (1/2, 1) X (—00, +00) U {l}x (—00, 1], the description of asymptotic behavior of 
the sequence {an}'^=i is obtained for Hx,a either to be self-adjoint or to have nontrivial 
^ ', deficiency indices. 
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1. Introduction 



> 
00 

I Let X = {xn}'^=Q be a strictly increasing sequence of nonnegative numbers, xq = 0, 

■ and lim^^ooa^n = 00. Let also a = {an}T be a sequence of real numbers. 
^ ■ The differential expression 

n=l 

^ ! on L^(0, +00) is connected with the symmetric differential operator 
c5 ■ d^ 

with domain 

dom(HO ,J = {/ G W'''{R^ \ X) n LL.p(M+) | /'(O) = 0, 

f{Xn+) - f'{Xn-) = anf{Xn)}. 

Denote by Hx,a the closure of the operator Hxq,. 

Schrodinger operators with distributional potentials have attracted considerable in- 
terest in the last decades, in particular, because they can be used as solvable models in 
many situations, see p] — [5], [Z], [9], [E], [E]. For instance, the operator 11^^ can be 
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regarded as a Hamiltonian for a 5-interaction at points x„ with intensity «„. In the gen- 
eral case, the operator Hx,a does not need to be self-adjoint. One of important problems 
in the spectral analysis of this operator is to find necessary and sufficient conditions for 
the operator Hx,o to be self-adjoint. The affirmative answer to this problem has recently 
been obtained in the case of lower semi-bounded Hamiltonians. Namely, it is proved in 
[3] (see laso [11]) that Hx,a is always self-adjoint provided that it is lower semi-bounded. 

Spectral properties of the operator Hx,a depend on both the sequence a and the 
sequence X. In the latter case, the behavior of the sequence 



dr. 



n eN, 



(4) 



is an important characteristic. In particular, if := infnsndn > 0, then the operator 
Hx,a is always self-adjoint [9]. 

This result is sharp in the sense that there is a sequence dn satisfying lim„^oo dn = 
such that the Hamiltonian Hx,o has nontrivial deficiency indices for some sequences a C M. 
Namely, C. Shubin Christ and G. Stolz have shown in that n±(Hx,a) = 1 if dn = ^/n 
and On = —2n — 1, n G N. Thus the case ci* = is fundamentally different from the case 
(i^, > since nontrivial deficiency indices can be realized there. 

In [13], A. S. Kostenko and M. M. Malamud studied the Hamiltonian Hx,o in the 
framework of boundary triplets and the corresponding Weyl function. Such an approach 
to the theory of extensions of symmetric operators was initiated about thirty years ago 
and still continues to actively develop, see [6] — [TO] . 

Using a corresponding boundary triple, the authors in have parametrized the set 
of Hamiltonians Hx,q with certain classes of Jacobi matrices (three-diagonal matrices). It 
was also found there that spectral properties of the Hamiltonian Hx,a are closely linked 
with the same properties of the corresponding Jacobi matrix. 



Ar'(«i + ;r + 



B 



Xa 



di d2- 







^r2^d2 



+ i + 



3 V 



,-1 



,-2 



(«3 + i + i 



(5) 



where 



r„ = ^/dn + d. 



n+l) 



n eN. 



(6) 



As it turned out the deficiency indices for Hx,a and Bx^a coincide, 'n.±(Hx,a) = 'n±{B 



Theorem 5.4]) and, consequently, n±(Hx,a) < 1, see [7j. In particular, Hx,a is 
self-adjoint if and only if the matrix Bx,a is self-adjoint. 

Using the Carleman criterion A. S. Kostenko and M. M. Malamud have obtained the 
following result [131 Proposition 5.7]: 



=1 "n 



oo, then the operator Hx,a is self-adjoint for any sequence a C 
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In comparison with the mentioned result from [3], [TT], this statement from |il3| gives 
new information only for not lower semi-bounded Hamiltonians Hx,q. 

Clearly, the result on self-adjointness of the operator Hx,a for := inf^gNC^n > is a 
particular case of the latter statement. 

Moreover, the example of Shubin Christ and Stolz in [15] was significantly specified 
in [13], namely, 

if dn = ^/n, then: 

1. n±(Hx,a) = Oifan< -2{2n + 1) + f , Ci > 0, or a„ > -f , C2 > 0; 

2. n±(Hx,a) = 1 ^fan = a{2n + 1) + 0{l/n), a e (-2,0). 

Note that the estimates in 1 follow from the estimates in (ii), (iii) that were obtained for 
a more general case of {(in}i° ^ ^2 \ ^1 in il3, Proposition 5.11] with the use of sufficient 
conditions for a Jacobi matrix to be self-adjoint. 

Proposition 1. [T3| Prop. 5.11] The operator }lx,a is self-adjoint on L^(]R+) if the se- 
quence a = {a;„}f and the sequences {dn}f, {rn}T defined by and ([6]), correspond- 
ingly, satisfy one of the following conditions: 

Ll \o;n\dndn+irn-irn+l — OO/ 

(ii) there exists a constant Ci > such that 

dn^ dn+1^ 

(iii) there exists a constant C2 > such that 

an + ^(l- + 7^ f 1 - > -C2{dn + rfn+l), UEN. 

d„V Tn-iJ dn+l\ Tn+lJ 



In this paper, we continue the study of the conditions obtained in [TB] for the 
Schrodinger operator Hx,a to be self-adjoint or to have nontrivial deficiency indices. It 
turned out that these conditions found for dn = 1/n can be generalized to a broader 
class of sequences, see Propositions IH O For example, for a class of the sequences 

\ V ) that belong to £2 \ ^1 if (7, G (1/2, 1) X (-00, +00) U {1} x (-00, 1], we 
obtain a description for the asymptotic behavior of the sequence a such that the operator 
Hx,« would either be self-adjoint or have nontrivial deficiency indices. 

2. Sufficient conditions for self-adjointness of the operator Hx,a 

Taking into account the above considerations, we will mention some properties of 
sequences {dn}^ G h \ h of positive numbers. The most important of them is the 
property: 

lim inf ""'^^ < 1 < lim sup ""'"^ , (7) 

n->-oo dfi n— 5>oo "n 
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which follows from the d'Alembert test for series. This immediately implies that if there 
exists the lim„_^oo for a sequence G ^2 \ h of positive numbers, then this 

limit equals 1. Using ([7]) and making certain restrictions on the sequence {(in}i° we can 
significantly simplify the sufficient conditions of self-adjointness in (i) — (iii)- 

Proposition 2. Given a sequence a = {a;„}f^. Let also the sequence {dn}'^ & h\h of 
positive numbers defined by (jl]) satisfy the relation: 

lim inf ^ > 0. (8) 

Then Hx,a is self-adjoint provided that there holds the following condition: 

(I) Er=i \(yn\dl = oo. 
Proof. In fact, condition ([8]) implies that there exists a C > such that 

dn+i > Cdn, neN. 

It follows that 

„+l + (i„+2 > 

dnicd^) Vcc/„ + c^dn > cVcTc^dl, nen. 



(9) 



Thus, the divergence of series (I) implies the divergence of series (i) in Proposition [H and 
there holds the sufficient condition for Hx,o to be self-adjoint. □ 

Note that, for the class of sequences G £2\h satisfying the additional constraint 

< lim inf ""'"^ < lim sup "^^ < oo, (10) 

both series (I) and (i) converge and diverge simultaneously. Hence test (i) as well as 
Proposition [2] can be applied for such sequences. 

In the next assertion, we present the conditions sufficient for tests (ii) , (iii) of Propo- 
sition [T] to hold (for now, without any additional restrictions on the sequence {dn}f). 
These conditions will allow us to find simpler sufficient conditions for the Hamiltonian 
Hx,a to be self-adjoint. 

Proposition 3. Let sequences {dn}^ G £2 \ o,nd {r„}f^ be defined by (jl]), and let 

the function 

nn) = ^{^-l)+^{^-l) ineN) (11) 
allow the representation of the form: 

F{n) = G{n) + 0(rf„) {n G N) (12) 
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(for definiteness, we put Tq := 1 ). Then the Hamiltonian Hx,a is self-adjoint provided 
that one of the following conditions hol%: 

(II) there exists a constant Ci > such that 

an<-(^ + -i^ + G{n))+Cidn (neN); 

(III) there exists a constant C2 > such that an > G{n) — C2(i„ (n G N). 

Proof. By condition (II), we have: 

2 2 

(^n + -r + -^ + G{n)<Cidn (n G N). 

Then 

an + ^ + -^ + F{n)-0{dn)<Cidn (nGN). 
Since the sequence {dn}"^ is positive, we conclude that 

an + ^{l + + -r—{^ + < Cdn < C{dn + dn+i) {u G N) 

for some C > 0. Consequently, it follows from the sufficient condition (ii) of Proposition [1] 
that the Hamiltonian Hx,^ is self-adjoint. 

Arguing similarly we can prove that condition (III) implies estimate (iii) of Propo- 
sition [U □ 

It is important to note that, for sequences {dn}'^ G £2 \ ^1 satisfying (fTOj) . both 
estimates (ii), (II) and (iii), (III) are fulfilled or not fulfilled simultaneously. Hence 
Proposition [T] and Proposition [3] are equivalent for such sequences. Note also that tests 
(II) and (III) are of common use only in the case when the function G in decomposition 
f lT^ has simpler form than the function F. In this case, there are of great interest 
sequences {dn]f such that G can be chosen as zero function^: due to test (III), all the 
Hamiltonians Hx,a with nonnegative sequences a are self-adjoint. In the propositions 
below, we present a number of requirements to properties of a sequence {(in}i° in order 
to provide the asymptotics F{n) = 0{dn)- 



Proposition 4. Let a sequence {c?„}f G £2\^i satisfy the following asymptotic estimate: 

^ = l + Gdn + 0{dl). (13) 

Then F{n) = 0{dn). 



^ As we can see from the proof of Proposition [31 under 0{dn) in (jl2l) and (II) can be meant different 
sequences. 

^See Proposition [5] and Example [2] in what fohows. Relation (jl2p implies directly that G is zero 
function if and only if sup„gpj "^J"^ < 00. 
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Proof. Using f ll3p and carrying out direct calculations we can show that the following 
relations hold: 

(aO) ^ = l-Crf„ + 0(d2). 

(a2) Similarly, ^ = 1 - + 0{dl). 
In this case, we obtain the following relations: 

Fin) = f - 1) + T^(^ - 1) = f - 1 + -^(^ - 1)) "="^ 
= ^(Crf„ + 0{dl) + (l - Crf„ + 0{dl)) {-Cdn + 0{dl))) = 
= l{Cd^ + 0{dl) - Cd^ + 0{dl)) = j-0{dl) = 0{d^). 

□ 

Example 1. Suppose that the Hamiltonian Hx,« is generated by the differential expression 
as explained in Introduction, with X = {a;„}[f defined by the relations: 

Xo=0, Xn=Xn^l+dn {u E N) , 

dn = ^, le (1/2, 1). (14) 
Then Hx,o is self-adjoint provided that there holds one of the following conditions: 

(s2) There exists a constant Ci > such that 

an< -2{n^ + (n+iy) + ^ (neN). 



(s3) There exists a constant C2 > such that an > —(^2^ (ri G N). 

Indeed, in this case we have {(in}i° ^ ^2 \ ^1 and, by direct calculations, we conclude 
that = 1 — + O(^). Then, in view of Proposition [21 condition (si) provides 
the self-adjointness of the operator Hx,a. To prove that (s2) and (s3) can be apphed, 
it suffices to note that the sequence {dn}'^ satisfy the assumptions of Proposition H] and, 
therefore, G{n) = 0. Further, we can use conditions (II), (HI) of Proposition [3] directly. 

As was mentioned before, the particular case 7 = 1 was considered in [T3] (see 1 on 

p.[3D- 

In some cases (see Example [2]) condition (IT^ is too strict. Nevertheless, if (IT^ does 
not hold, it is possible to carry out more refined analysis of properties of the sequence 
{dn}f leading to the asymptotics F{n) = 0{dn). 
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Proposition 5. Let p G N, and let a sequence {dn}'^ G ^2 \ be generated by the 
function d: dn '■= d{n) {n G p, 00) defined on the interval {p, 00) and twice continuously 
differentiable on it. Let also the function d satisfy the following conditions: 



(do) ^ = i + oK). 



(dl) d'{n) 7^ (n G m + l,oo) and sup^g^^^qrj^ |d'(n+^)| ^ ^ ■^^'^ some number 
m G p, 00. 

(d2) 7^ (n G m + l,cxD) and sup^g^^^qrj^ t^ttI^^^ < 00 for some number 



m G p, 00. 
(d3) 5g = 0K). 

Then F{n) = 0{dn). 

Proof. Since (i„ — )■ 0, n — > 00, for arbitrary positive numbers u, v the following relations 
hold: 



a) (« + 0(rf„))~' = u-i + OK); b) j!i±^i^= /^ + 0K)- (15) 



Then condition (dO) implies the preliminary asymptotic estimates: 



(bO) ^ = 1 + 0K); 
(bl) -i^ = l + OK); 
(b2) -5- = l + 0K). 



In this case, the following relations hold: 



F(n) = f - 1) + - 1) = f (— - l)(l + 3^ ■ - 

= lo[d^) (1 + (1 + OK)) (1 + oK))^ . ggig . ,^^) m 

= i0K)(i + (i + 0K)),^^) = 



8 1. 1. Karpenko, D. L. Tyshkevich 

Below we will need properties (dl— d3) of the sequence {d^}']". Namely, for a suffi- 
ciently large n and for some C > we obtain: 

{dn+l - dn-l) - {dn+2 - dn) _ ^ d' {u + (n) " d' {u + 9n) _ 

dn+i - dn-i d'{n + C„) 

-o(r _fl ^^l!l±M - or/' . d"{n + in) d\n) d"{n) (di-d3) 

(dl) 

< C, 



dn ~ dn+2 




d' 


[n + On) 


dn+1 ~ dn-1 




d' 


[n + Cn) 



where ^ ^n £ [0,2], ^„ G [—1,2]. Then f|T6l) implies the following estimate of 

the function F{n): 

F{n) = ^0{dr,)-0{d^) = 0{d^). 

□ 



Assumptions of Proposition [5] can already be used for wider classes of sequences. Let 
us apply the above results to a two-parametric family of sequences involving Example [1] 
as well. 

Example 2. Suppose that the Hamiltonian Hx,a is generated by the differential expression 
as explained in Introduction, with X = {a;„}[f defined by the relations: 

Xo = 0, Xn=Xn-l+dn (^GN), 

1 



^i>0, dn = —^ (nG2,oo), (17) 

(7,r7) G (1/2, l)x(-oo,+cx)) U {l}x(-oo,0]. 

Then Hx,a is self-adjoint provided that there holds one of the following conditions: 

(sal) j:n=iK\n-'nn-^'^n = oo. 

(sa2) There exists a constant Ci > such that 

an < -2(n^ln''n + (n + l)^ln''(n + 1)) + (n G N). 

(sa3) There exists a constant C2 > such that an > — „7^»7 ^ (n eN). 

Indeed, in this case we have {dn}'^ G £2 \ ^1 and, by direct calculations, we conclude 
that = 1 -|- 0{dn)- It is important to note that the sequence doesn't satisfy 
estimate ffT^ if r/ 7^ 0. To prove that (sal) can be applied, we use Proposition [2J To prove 

that (sa2) and (sa3) are applicable, consider the function d{x) = — — — generating the 
sequence {dn}^- Derivatives of this function are of the form: 

d'{x) = — (7 In X + r])x~''^~^ In"*^""*^ x; 
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d"{x) = (7(7 + 1) In^ X + (27 + l)r] In X + r]{r] + l))x^^''^ In"'^"^ x. 

This immediately implies conditions (dl), (d2) of Proposition [51 
The relation 

d"{n) _ (7(7 + l)ln^n + (27 + l)77lnn + ?7(?/+l)) 



d'{n)dn (7 In^ n + ?7 In ra) 



71^ n 



shows that condition (d3) is fulfilled either for ^ < 7 < 1, r/ G (—00, +00), or for 
7 = 1, r/ < 0. 

Note that in the two-parametric family of sequences of form flTTl) lying in £2 \ ii 
there is a "gap" consisting of sequences of the form j ^^^^^ j, r] G (0,1]. Condition 
(do) is violated for sequences from this "gap" (despite the fact that lim„_>oo = 1)- 
To investigate these cases, we must know additional properties of the sequence {dn}'^- 
Below, in Proposition El we present analytic conditions on the function d generating the 
sequence {dn}f' such that we may choose the function G from f lT2]) in estimate (II) of 
Proposition [31 

Proposition 6. Let p E N, and let a sequence {dn}'^ be generated by the function 
d: dn '■= d{n) {n G p, 00) that is defined on the interval {p,oo) and is continuously 
differentiable on it. Assume also fulfillment of conditions (dO), (dl) of Proposition\^as 
well as the following condition: 

(d4) There exists a ken such that l^]'' = 0{dl). 
Then there exist numbers {C'ijig o fc-i ■^'wc/i that, for k from (d4), we have: 

fe-l k-l 

F{n) = -y^CMny + :^y^av{ny + 0{dn) (n G pToo), (18) 
dn ^ dn+i ^ 

where u(n) = %ti|z^ yfn) = /"~'^"+" . 

Proof. Taking into account f lTT]) we obtain: 

F(„) = l(^-l)+^(^-l), 

where 



dn + dn+\ 



^n— 1 V dn ~\~ dji—l 



+ u{n), 



l^n dn -\- dn+l n — ; — T 



f n+1 V dn+1 + dn+2 
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Using Taylor's series expansion of the function y/T+x = 1 + X^i^i have: 

^ oo ^ oo 



1=1 1=1 



Let us estimate the behavior of terms of these series at infinity. In view of (dO), (dl), 
for some (n ^ [—1, 1], ^ [0, 2] we have: 

uin) = 2— = 2 — - — ■ ■ — - — = C 



dn + dn-i d'{n) dn + dn-i dn V d, 

,, ^d'in + en) ^d'in + On) d^ d'{n) ^f\d'{n)\ 

v{n) = —2- : = —2 — ■ : ■ — - — = (J 



dn+l + dn+2 d'{n) dn+l + dn+2 dn ^ dji 

Then, for A; G N from (d4), we obtain: 

Y^CMnY = 0{u{nf) = o(^Mt) = o{dl). 
i=k ^ ' 

Similarly, we conclude that Xli^fc ^«'^('^)* ~ ^('^n)- Hence estimate (fTSjl holds. □ 

In some cases, the right-hand side of f|T8|) can be used to select from F "the best" 
estimator G satisfying the relation F{n) = G{n) + 0{dn)- Such a function G should 
include all the "parts" of sequences {i G 1,/c — 1) that grow slower than dn at 

infinity. Note that, to obtain more effective estimates in assumptions of Proposition [HI 
the following argument is useful. Since 

—u{n) - v{n) = - 

Qin (ln-\'l Oir 

dn d\n + C) 



d\n + C) 


1 


d'{n + 9) 


dn dn—1 


dn+l 


dn+l + dn+2 


dn+l 


d^ 


d'{n + 6) 


dn+l + dn- 


h2 rfn+l 





dn + dn.Jrl d'^ 

and since both expressions , fj — and , '^","^1 — ■ (:r^Y are close to 1 for sufficiently 

^ an+a„+i a„+i+a„+2 \iln+i' 

large n, we conclude that the behavior of the summand Ci(^u(n) — -j^vin)) at infinity 

is determined by the expression Trying to avoid general definitions here we will 

carry out the reasoning in the following example. 

Example 3. Consider the sequences | ^ ^ | , rj G (0, 1] (see the argument before Propo- 
sition El Y>-Wj- 

Put d{x) = x~^ln~''x, rj G (0, 1], and p = 3. The function d derives the sequence 
{ nin''n }' defined on the interval (3, cxd) and is twice continuously differentiable on it. 
We have: 

d (x) = - ^2 in^+i ^ ; 

d' (x) Inx+rj 

d{x) z In X ' 
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from which we see that (^^)^ = Hence k = 3, and for estimating the function 

F{n) we need to consider the expressions: 

d"{x) _ 21n''x I 3r?-l 



i_ -J'l _|_ 

iP(x) X ^ x\n^~'^ X ^ iln^-'Jx ' 

_ In'' a: , 2?? , ry 

~r „ ,_i-rj „ ~r 



,2 



dP{x) X xln^-'^ X ~^ xln^-'' X ' 

This makes us possible to presuppose that F admits the asymptotic representation 

F(n) = U7i^ + W2 , + 0(^V) 
with some coefficients wi, W2- In fact, by direct calculations we can obtain that 
hm ^F{n) = i; 

n— >C!0 

limnln^"^n(F(n) - ii^^) = r]; 

4' ^ 

for ?7 G (0, 1], which gives the asymptotics: 



limnln^n(F(n) - iis^ - , ) = j 

>^ 4 • 



1 In'' n 
4" 



^ lln"n , 2 + 0(^—) 71G(^1] ^ ' 



4 n 



1 ln''n 



Finally, we have: G{n) = ^ !i' ' ''^^^ summarize our 

4~n nlni-''n' ''1^\2'^\ 

considerations in the form of sufficient conditions for the operator Hx,q to be self-adjoint. 

Suppose that the Hamiltonian Hx,a is generated by the differential expression as 
explained in Introduction, with X = {a;„}[f defined by the relations: 

Xo = 0, Xn=Xn-l+dn (nGN), 

di>0, dn = ^^ (neXoo), r/G (0,1]. 
Then Hx,a is self-adjoint provided that there holds one of the following conditions: 

(sal) J2n=i \an\n'^ In'^'^ n = oo . 

(sa2) There exists a constant Ci > such that 



1 In'' n ,„ 1 , 



< -2(nln''n+(n+l)ln''(n+l)) + <^ ^ ^ ^ +^ 



-L 111 ' ft I 7 , ilIu^ I 

4 n nlni-''n' ''^(•2'-'-' 
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(sa3) There exists a constant C2 > such that 



On > 



lln^ 1, 

1 In'' n I T] /i 11 nln^n' 

4 n nlni-''n' '^^'-2'-^J 



3. Sufficient conditions for non-triviality of n±(Hx,a) 
For a positive sequence {rf^}^, define the sequence recursively: 

n:=l, f„+i:=-^ (nGN) (21) 

(here we generahze argument from [13, Proposition 5.13] regarding the case dn = ^/n). 
It is easy to show by induction that 



'n+i--K-^) —r-i ^it'^L-^i). (22) 

'^n'^n— 2 • • • 

We say that a sequence {dn}f satisfies condition (A) if 

{rn7n}T e i2, 

and we say that it satisfies condition (B) if 

where {un}'^ stands for a real periodic sequence. 

It follows from the results of [13] that the sequence dn = 1/n satisfies both conditions 
(A) and (B), and the period of the sequence {un}T equals 2; Ui = i/n, = vr. As it 
turns out, this result is general enough for sequences satisfying conditions (A) and {B). 
Namely, the following statement holds. 

Lemma 1. Suppose that a sequence {dn}'^ G £2\^i such that lim„^oo = 1 satisfies 
also conditions [A) and (B). Then the sequence {un}'^ has the period equal to 2, with 
U1U2 = 4. 

Proof. Let the sequence {dn}'^ satisfy conditions (A) and (B), and let N be the period 
of the sequence {un}f- We denote 

Pn •= ( ~~ H ~ — 1 

^ dn dn+l ' 

In view of condition {B\ Pi+kN = ^^i + 0{rl_^_i^j^rf^i^jy). If 1 < s < is an arbitrary odd 
number, we have: 

/ 1 , ^ \ f ds+kNds+kN-2 - ■ ■ \^ r\ 
ps+kN=[-; + H 1 = e(s,/c)pi+fejv, (23) 
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where 

0(s, k) = + + , 

^U-s+kN Us+kN+l'' ^(ll+kN 0'2+kN ^ ^U's+kN-lU's+kN-3 ■ ■ ■ U'2+kN 

and also limfc_j,oo ©(s, k) = 1. Since ps+kN = Us + O^r'^^f^jyr'^^^jy), then, by passing to the 
hmit in relation (l23l) at /c — )• oo, we obtain 

Us = Ml. 

Thus, for an arbitrary odd n = 2k + 1 we have: 

P2k+i = Ml + 0(r^^+if^fc+i). 
Arguing similarly we can show that for an arbitrary even n = 2k we obtain 

P2k = U2 + 0{rl^^f-lk). 

Since 

, d2k+i\( d2k+i 

P2kp2k+l = 1 + 1 + 

we arrive at the relation 

{u, + 0(r,Vir,Vi)) {U2 + 0{rl,rl,)) = + ^ Vi + ^ 

^ "2A;+2^ ^ U'2k 

Finally, by passing to the limit in the latter at /c — )■ cxd, we conclude that 

U1U2 = 4. 

□ 

Proposition 7. Suppose that the Hamiltonian Hx,q is defined by the sequence 
{dn}f G i'2\^i such that lim„_>.oo = 1 and for which conditions {A) and [B] are 
satisfied. 
If 

an = a'{-r + -1 ) + 0((i„), 

\a„ a^+i^ 

where the parameter a satisfies the inequality —2 < a < 0, then the Hamiltonian Hx,a is 
the symmetric operator with deficiency indices n± = \. 

Proof. Due to Lemma [H for the given sequence dn, the real periodic sequence {Mn}i° in 
condition (B) has the period equal to 2, with U1U2 = 4. 
Consider the sequence 
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It follows that 



/ ri^r\^(a -\- l)ui —ri^r2^d2^ 



B 



-1^-1^-1 
2 







(a + l)u2 



\ 



^2 ^3 '^3 



^2 ^3 '^3 

2f^2(a + l)ui 



If Rx = diag(r„), Ri = diag(r„), we have 



RiRxBx^oRxRi 



f (a + l)ui —fif2d2^ 
-fif2d2^ (a + l)u2 -f2fzd^^ 
-f2fi,d'^^ (a + l)ui 

V 



Since -r„r„+irf„|i = -r„ ■ 



where 



Ja 



■ = 1, then 

RlRxBx,a"RxRl = Ja 

/ (a + l)ui 

V 



(24) 



1 




1 

a + l)u2 1 
1 (a + l)ui 



is the periodic Jacobi matrix defined by both the sequence and the real parameter 



a. 



In view of (12^ . the vector /° is the solution of the equation Jaf = if and only if 
the vector /i° = RxRiP is the solution of the equation Bx^a^h = 0. If /° = {/„} is a 
bounded sequence, due to condition (A) we obtain that = {r„f„/„} G £2- 

As is known [16], solutions to the equation Jaf = are bounded if there holds the 
inequality |Aa(0)| < 1 for the Floquet discriminant. It follows from the above considera- 
tions that the Jacobi matrix determined by the sequence {un}f has the period equal to 
2. Consequently, 

A„(A) = l/2(-2 + (A - (a + l)ui){X - (a + 1)^2)). 

This yields A„(0) = l/2(-2 + (a + iyuiU2) = l/2(-2 + 4(a + l)^) = 2(a + l)^ - 1. 
Hence, |Aa(0)| < 1 if — 2 < a < 0. Thus, under this condition, a solution to the equation 
Bx,aoh = belongs to £2, and also Bx^oP is symmeric operator with deficiency indices 
n± = 1. 

We can simplify the general form of the sequence a^. Indeed, condition (B) implies 
that 

(a + l)u^r-^ = (a + 1) ( J- + + (a + l)0{rlrl)f-^, 
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where (a + l)0(r^f2)f:-2 = ^'(r^) = 0(rf„). It follows that 

(a + l)unr-^ = (a + 1) f-^ + + 0{dn), 

and the sequence a of the form 

ttn = a(^ + T— ) + O(rfn) 

derives a bounded self-adjoint perturbation of the operator Bx,aO- Since deficiency indices 
don't change under such a perturbation, we conclude that Bx,a is symmetric operator 
with deficiency indices n± = 1 a.s well. □ 

Example 4. Let dn = (n G N), 7 G (|, 1]. For the given sequence, we have: 

which implies that 

rl={^r = J^{{^n + l)[^)y {nen). (25) 

Let us use the asymptotics 

/(• _i)!!\2 f vr + 0(?2~^), if n is ode? ; 
(2n + l)(i^) = I 1 + 0(^-2)^ ifniset;en (26) 



(2n+l). ,.(,,_L)^ 



obtained in flSl Proposition 5.13], and also the asymptotics derived by the chain 

^ (2 + I + 0{n-')) (1 - ^ + 0(n-2)) = 2^-^ + 0{n-% (27) 

We have several relations (n G N): 

dn = n~'^ ~ ; = 0{n~'^'') ; = 0(?2~ 

They immediately yield that 

a) n-' = 0(d„rt) ; b) r^~^ ^ ^(n-^^) (28) 

(here n G N). In view of (!28b ). condition (A) holds for the sequence Moreover, 
putting w := (vr, ^, vr, ^, . . .) and m„ := 2-^~'^wJ^ (n G N), we obtain the chain: 

(J_ , ^ «^+(n+l)^ /.Q I iU ("-l)n \2N7 EMU 

Vd„ n ~ (2n+l)T U^"- n\\ ) ) ~ 

= {2'-^ + 0{n'')){w^ + 0{n-')y^\^ + 0{d^r'J (n G N). 

We combine the essay of these considerations with particular case (sa2), (sa3) of Exam- 
ple [2] for 7] = (see p. [8]) in order to demonstrate the dependence of the Hamiltonian Hx,a 
on an asymptotic behavior of the sequence a. 
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Suppose that the Hamiltonian Hx,a generated by the differential expression ([T]) as 
explained in Introduction, with X = {a;„}[f defined by the relations: 

Xo = 0, Xn = Xn-i + :^ (tiGN), 7G(i,l]. 

Then we have: 

if an < -2{n^ + {n + 1)^) + Cin-^ (n G N) for some Ci > 0, 

then Hx,a is self-adjoint; 

if an = a{n^ + {n + 1)^) + 0(n-^) {n G N) for some a G (-2, 0), 

then n±(Hx,a) = 1/ 

if Oin > —C2n~"' {n G N) for some C2 > 0, then Hx,a is self-adjoint. 

We are grateful to M. M. Malamud and A. S. Kostenko for the statement of problem 
and useful advices. 
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